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Ambient connections realising conformal Tractor holonomy
Stuart Armstrong∗ and Thomas Leistner†
Abstract
For a conformal manifold we introduce the notion of an ambient connection, an affine
connection on an ambient manifold of the conformal manifold, possibly with torsion, and
with conditions relating it to the conformal structure. The purpose of this construction is
to realise the normal conformal tractor holonomy as affine holonomy of such a connection.
We give an example of an ambient connection for which this is the case, and which is
torsion free if we start the construction with a C-space, and in addition Ricci-flat if we
start with an Einstein manifold. Thus for a C-space this example leads to an ambient
metric in the weaker sense of Cˇap and Gover, and for an Einstein space to a Ricci-flat
ambient metric in the sense of Fefferman and Graham.
1 Introduction
Conformal geometry has been studied for a long time. Cartan’s [Car23] techniques of ‘moving
frames’ developed into principal bundles and the Cartan connection. The equivalent ‘Tractor’
connection has been developed by T. Thomas ([Tho26] and [Tho32]), further developed by
T.N. Bailey, M.G. Eastwood and A.R. Gover ([BEG94] and [Eas96]), and extensively treated
in papers of A.R Gover and A. Cˇap (e.g. [CˇG02] and [CˇG03]), which being a vector bundle
construction, allows for more explicit calculations. One interesting invariant of the Tractor
connection is its holonomy group, and the geometric consequences of this group. Classification
of these groups is essentially finished for Riemannian signature in [Arm05], see also [Leit04].
A major technique in this classification was the use of cone-constructions for conformally
Einstein manifolds with non-zero Einstein constant, and a degenerate cone construction in
the Ricci-flat case [Lei05], which are both instances of the original ambient construction of
C. Fefferman and C. R. Graham ([FG85], also [FG02] and [FH03]). A qualitative description
generalising the original ambient construction was given in [CˇG03], where also the relation to
the Tractor bundle is described. This paper seeks to generalise both cone-constructions and
the ambient metric construction of [CˇG03] to generate an affine connection on an ambient
manifold which is metric but possibly with torsion and with same holonomy group as the
Tractor connection – indeed the tangent bundle of this ambient manifold becomes identified
with the Tractor bundle.
In this paper, we will start by introducing the basic concepts of tractor bundles in Section
2. We shall also define associated structures, and set up the notation we shall be using
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throughout. Section 3 defines recalls the notion of an ambient manifold with ambient metric
following [CˇG03], introduces the notion of an ambient connection, and demonstrates many of
the properties it must have. Section 4 then looks more particularly at the intermesh between
an ambient manifold and the Tractor bundle and how the properties of one transfer across
to the other.
What is presented in Section 5 was the inspiration for this paper: an example of an
ambient connection is given the holonomy of which equals to the normal conformal Tractor
holonomy, and that, we hope, could lead to useful results for calculating Tractor holonomy
groups. For now it serves two purposes: on the one hand it demonstrates geometrically the
algebraic fact proved in [Lei05] that the Tractor holonomy algebra of a conformal structure
which contains a metric with vanishing Cotton–York tensor is a Berger algebra. On the other
hand our construction contains the Einstein cone and Ricci-flat construction as special cases.
Finally, in Section 6 we give some useful properties of the holonomy of ambient connections,
for future constructions.
Acknowledgements. The authors acknowledge the hospitality at the Erwin Scho¨dinger
International Institute for Mathematical Physics (ESI) in Vienna, and would like to thank the
organisers of the programme Geometry of Pseudo-Riemannian Manifolds with Applications
in Physics at the ESI, during which the discussion on the topic started.
2 Preliminaries
Let M be a smooth manifold of dimension n.
Definition 2.1 (Weight Bundles). Weight bundles are defined as line bundles that are
powers of the top wedge product of the cotangent bundle. In details,
E [−n] = ∧nT ∗M
and
E [a] =
(
E [− n]
)− a
n .
If B is a vector bundle associated to the tangent bundle, we designate the tensor product
B ⊗E [a] as B[a]. Weight bundles are a way of formalising the notion of conformal weights in
the following sense. If we are given a conformal structure [g] as a equivalence class of metrics
with R+ action
(t, g)→ t2g,
then the action on the determinant becomes
(t, det(g))→ tndet(g)
and since det(g) ∈ Γ(E [−n]), it can be seen that the conformal structure [g] is isomorphic to
a non-degenerate section gˆ of (⊙2T ∗M)[2].
There are many equivalent ways of describing the conformal structure, quite apart from
equivalence classes of proportionate metrics, such as classes of conformal connections, a prin-
cipal CO(p, q)-bundle for the tangent bundle, etc. We will use the description in terms of
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the standard Tractor bundle (see [Tho26], [BEG94], and [CˇG02]) equipped with the standard
tractor connection. This construction defines the conformal structure entirely; however, for
a given conformal structure, the Tractor connection is not unique. Similarly to the Levi-
Civita connection for metric structures, there is a unique normal Tractor connection for each
conformal structure. For our purposes a conformal standard Tractor bundle with Tractor
connection and the normal connection amongst them are best described by the following
properties, from which the conformal structure can be recovered.
Theorem 2.2 ([CˇG03],[CˇG02]). Let M be a smooth manifold of dimension n = p+ q ≥ 3
and T be a vector bundle over M of rank n+ 2.
1. Suppose T admits a metric h of signature (p + 1, q + 1), an injective vector bundle
homomorphism E [−1] →֒ T with image T 1, and a covariant derivative
−→
∇ such that
(a) T 1 is light-like,
(b)
−→
∇h = 0, and
(c) the following non-degeneracy condition is satisfied: for any x ∈M and any section
σ ∈ Γ(T 1), non-zero at x, the map
−→
∇σ : TxM → Tx is non-degenerate.
Then (T 1)⊥/T 1 ≃ TM [−1] and (T , h,
−→
∇) is a standard tractor bundle for the conformal
structure defined by the restriction of h onto
(
T 1
)⊥
/T 1.
2. A standard conformal Tractor connection
−→
∇ on T is normal if and only if its curvature
R maps T 1 onto T 1 and the Ricci contraction of W ∈ Λ2T ∗M ⊗End(TM [−1]), which
is defined by W (X,Y )[Z] = [R(X,Y )Z] using the identification TM [−1] ≃
(
T 1
)⊥
/T 1,
vanishes. With these normality conditions (T ,T 1, h,
−→
∇) is uniquely determined by the
conformal structure up to isomorphism.
To see the first point, notice that the conditions imply that
−→
∇σ ∈ Γ(TM ⊗ (T 1)⊥) and
that for any choice of σ, one has a splitting of
T = E [1]⊕ TM [−1]⊕ E [−1], (1)
where TM [−1] is the image of TM under
−→
∇σ, and E [1] is the span of a section σ′, with
σ′⊥TM [−1] and h(σ′, σ) = −1. This allows us to project
−→
∇ to get a connection ∇ on
TM [−1], which conserves gˆ = h|TM [−1] — in other words, conserves a conformal structure.
Since TM [−1] ⊕ E[−1] ∼= (T 1)⊥, different non-zero choices of σ give the same gˆ — though
different ∇’s.
Using σ to identify TM [−1] with TM , ∇ then descends to a tangent bundle connection,
preserving the tangent metric σ−2gˆ. We call these ∇ preferred connections of the Tractor
connection
−→
∇. The invariance of T 1 under the curvature of the Tractor connection then
is equivalent with the preferred connections ∇ being torsion-free. This is because, in the
previous notation, the TM [−1] ∼= (T 1)⊥/T 1 component of R(X,Y )σ is just ∇XY −∇YX −
[X,Y ].
So now pick a preferred ∇, which preserves a metric g, and (since it is torsion-free) is the
Levi-Civita connection of g. Given the associated splitting
T = E [1]⊕ TM [−1]⊕ E [−1],
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the normal Tractor connection
−→
∇ is given as
−→
∇X = ∇X +X + P(X). (2)
Here P is the Schouten tensor of ∇ defined by
Pij = −
1
n− 2
(
Ricij −
1
2n − 2
Rgˆij
)
,
Ric being the Ricci tensor and R the scalar curvature of ∇. To understand the action of X
and P(X) in (2), let ν,A and σ be sections of E [1], TM [−1] and E [−1], respectively. Then
the action is
X · ν = 0 P(X) · ν = νgˆ−1(P(X)) ∈ Γ(TM [−1])
X ·A = gˆ(X,A) ∈ Γ(E [1]) P(X) ·A = P(X) A ∈ Γ(E [−1])
X · σ = σX ∈ Γ(TM [−1]) P(X) · σ = 0.
3 Ambient manifolds, ambient metrics, and ambient connec-
tions
Let (M, c) be a a smooth n-dimensional manifold M with conformal structure c of signature
(p, q). This is equivalent to a reduction of the linear frame bundle Gl(M) to the conformal
frame bundle CO(M). It can also be characterised by a principle R+-fibre bundle π : Q →M
defined as the ray sub-bundle in the bundle of metrics of signature (p, q) given by metrics in
the conformal class c. In fact, via the detw/n–reduction of Gl(M) or CO(M) to Q, it can be
viewed as the principal bundle to the weight bundles defined above. The action of R+ on Q
shall be denoted by ϕ:
ϕ(t, gx) = t
2gx.
From [CˇG03] we recall the following definitions.
Definition 3.1. Let π : Q → M be a conformal structure of signature (p, q) over an n-
dimensional manifold M .
1. An (n+ 2)-dimensional manifold M˜ is called ambient manifold if
(a) there is a free R+-action ϕ˜ on M , and
(b) an embedding ι : Q → M˜ which is R+-equivariant, i.e. the diagram
R+ ×Q
ϕ
−−−−→ Q
id×ι
y yι
R+ × M˜
ϕ˜
−−−−→ M˜
commutes.
2. A metric h on an ambient manifold M˜ with R+-action ϕ˜ is called ambient metric, if
the following is satisfied:
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(a) If F is the fundamental vector field of ϕ˜, and L denotes the Lie derivative, then
LFh = 2h, (3)
i.e. the metric is homogeneous of degree 2 w.r.t. the R+-action.
(b) For any gx ∈ Q the following equality in ⊙
2T ∗gxQ holds:
(ι∗h)gx = gx (dπ(.), dπ(.)) . (4)
We should point out that in the original definition of an ambient metric by C. Fefferman
and C.R. Graham in [FG85], the additional condition of Ricci-flatness is imposed.
Recall that for x ∈ M˜ , the fundamental vector field F (x) of the R+-action is defined as
the tangent vector of the curve ϕ˜(et, x) at t = 0. Its flow through x ∈ M˜ is given by ϕet(x).
Let us define the 1-form φ as the dual to the fundamental vector field F , i.e. φ := h(F, .).
Since F is the image under ι∗ of the fundamental vector field of the action ϕ on Q, (4) gives
that
ι∗φ = 0. (5)
This implies that F is of length zero along ι(Q) and that h is of signature (p + 1, q + 1).
Furthermore it implies that
dι∗φ = ι∗dφ = 0. (6)
Next, we want to consider sections which are homogeneous w.r.t. the R+ action on M˜ . We
introduce the following notation: If E is a tensor bundle over the ambient manifold M˜ or
over ι(Q), then we set for an integer w
Γw(E) := {s ∈ Γ(E) | LF s = ws} .
We write Γw(R) for functions which are homogeneous of degree w, i.e. f ∈ Γw(R) if LF f =
F (f) = w · f . Direct calculation using the definition of the Lie derivative and the Jacobi
identity for the commutator gives the following properties.
Lemma 3.2. Let M˜ be a manifold with R+ action and corresponding fundamental vector
field F . Then it holds:
1. If ψ ∈ Γw(⊗kT ∗M˜), and Xi ∈ Γ
wi(TM˜ ) for i = 1, . . . , k the function ψ(X1, . . . ,Xk) is
homogeneous of degree w + w1 + . . .+ wk.
2. If X ∈ Γv(TM˜) and Y ∈ Γw(TM˜), then [X,Y ] ∈ Γv+w(T M˜ ).
3. If f ∈ Γv(R) and X ∈ Γw(TM˜), then X(f) ∈ Γv+w(R).
Of course, the ambient metric defines uniquely the Levi-Civita connection, but for our
purposes it is more useful to work with a more general connection which still parallelises the
ambient metric.
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Definition 3.3. Let (M˜ , h) be an ambient manifold with ambient metric h of a conformal
structure Q → M in the sense of Definition 3.1. A linear connection ∇˜ is called ambient
connection if ∇˜h = 0 and the (3, 0)-torsion T ∗ of ∇˜ satisfies
LFT
∗ = 2T ∗, (7)
i.e. is homogeneous of degree 2 w.r.t. the R+-action on M˜ .
Recall that the (2, 1)-torsion of ∇˜ is defined as TX,Y := ∇˜XY − ∇˜YX − [X,Y ] and the
(3, 0)-torsion as T ∗(X,Y,Z) := h(TX,Y , Z). Naturally, (7) is equivalent to LFT = 0.
If we define the 1-form φ as the dual to the fundamental vector field F , i.e. φ := h(F, .),
then a direct calculation shows that the covariant derivative of F can be expressed as follows:
h(∇˜XF, Y ) = h(X,Y ) +
1
2
[
dφ(X,Y )− T ∗(F,X, Y )− T ∗(F, Y,X) − T ∗(X,Y, F )
]
. (8)
The homogeneity condition on the torsion implies the following Lemma.
Lemma 3.4. If X ∈ Γv(TM˜ ) and Y ∈ Γw(TM˜), then ∇˜XY ∈ Γ
v+w(TM˜).
Proof. One derives a Koszul formula for a metric connection with torsion:
2h(∇˜XY,Z) = X (h(Y,Z)) + Y (h(Z,X)) − Z (h(X,Y ))
+ h ([X,Y ], Z) − h ([Y,Z],X) + h ([Z,X], Y )
+ T ∗(X,Y,Z) − T ∗(Y,Z,X) + T ∗(Z,X, Y ).
By the previous lemma the statement follows.
4 The tractor bundle defined by ambient objects
In the first part of this section we want to recall the definition of the tractor bundle in terms of
an ambient metric due to [CˇG03]. We do no longer distinguish between Q and the embedded
ι(Q) and between ϕ and ϕ˜. One considers the restriction on the tangent bundle of an ambient
manifold to Q, TM˜ |Q. There is a natural R
+-action ϕ∗ on this bundle defined by
ϕ∗(t,Xq) := t
−1 (dϕ(t, .))q (Xq). (9)
The natural projection π : TM˜ |Q → Q is equivariant w.r.t. this action, i.e.
R+ × TM˜ |Q
ϕ∗
−−−−→ TM˜ |Q
id×pi
y ypi
R+ ×Q
ϕ
−−−−→ Q
commutes. Therefore the quotient
T :=
(
TM˜ |Q
)
/R+
is a vector bundle over M ≃ Q/R+ of fibre dimension n+2. In order to induce a metric and
a covariant derivative on T by the ambient metric and connection we need the identifications
of the next lemma.
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Lemma 4.1. There exist the following bijections:
1. T[g] ≃ Γ
−1
(
TM˜ |R+·g
)
for any [g] ∈M = Q/R+ and R+ · g the orbit of g under ϕ;
2. Γ(T ) ≃ Γ−1
(
TM˜ |Q
)
;
3. For M = Q/R+ it is T[q]M ≃ Γ
0(TQ|R+·g) mod R · F ;
4. Γ (T (Q/R+)) ≃ Γ0(TM˜ |Q) mod Γ
0(R) · F , where Γ0(R) denotes functions which are
constant along the orbits of R+.
Proof. For g ∈ Q we consider the equation
(LFX) (ϕt(g)) = −X(ϕt(g))
along R+ · g = {ϕt(g) | t ∈ R
+}. This is an ODE which has a unique solution X(ϕt(g)) =
1
t dϕt(Xg) for each initial value Xg ∈ TgM˜ . Recalling that the equivalence relation in T is
the following Xϕt(g) =
1
t dϕt(Xg) ensures that there is only one representative lying in TgM˜
and on the other hand that the solutions obtained by starting at different points in R+ · g
are the same. This proves the first point, with the second immediately following. The third
point is obtained in the same manner, and implies the last one.
This gives the following conclusions.
Lemma 4.2. The ambient metric defines a metric on the bundle T .
Proof. For X ∈ T[g] we denote by X˜ the corresponding element in Γ
−1
(
TM˜ |R+·g
)
. Lemma
3.2 ensures that h(X,Y ) is constant along the orbits of R+. Hence, by
hT[g](X˜, Y˜ ) := hg(X˜, Y˜ )
a metric on T is defined.
Proposition 4.3. If dφ|Q = 0 and T
∗|Q = 0 the ambient connection defines a connection
∇T on T which parallelises hT and (T , hT ,∇T ) is a conformal standard tractor bundle for
the conformal structure given by [g].
Proof. By assuming dφ|Q = 0 and T
∗|Q = 0 equation (8) implies that ∇˜XF = X. For
X ∈ Γ−1(TM˜ |Q) this gives on Q that
0 = ∇˜FX − ∇˜XF − [F,X] = ∇˜FX
since T ∗|Q = 0. Furthermore Lemma 3.4 ensures that ∇˜X sends Γ
−1(TM˜ |Q) to itself if
X ∈ Γ0(TM˜ |Q). Denoting again by a tilde the corresponding identifications of 2. and 4. in
Lemma 4.1 we define the connection on T by
∇˜TXY := ∇˜X˜ Y˜ (10)
for X ∈ Γ(TM) and Y ∈ Γ(T ). By definition this connection is metric w.r.t. hT .
The injection E [−1] →֒ T is given by sending a function f to [f ·F ] ∈ T defining the one-
dimensional, light-like subbundle T 1. The non-degeneracy condition of Theorem 2.2 follows
immediately since ∇˜X(fF ) = X(f)F + f∇˜XF = X(f)F + fX along Q.
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Lemma 4.4. Let M˜ be an ambient manifold with ambient metric h and ambient connection
∇˜ such that dφ|Q = 0 and T
∗|Q = 0. Then the the fundamental vector field F and the
curvature R˜ of ∇˜ satisfy:
1. R˜(X,Y )F = 0 for all X,Y ∈ TQ.
2. If in addition F T = T (., ., F ) = 0, then
(a) h(R˜(F,Z)X,Y ) = h(R˜(X,Y )F,Z) along Q for all X,Y,Z ∈ TM˜ |Q, and
(b) h(R˜(X,Y )F,Z) = 0 along Q for all Z ∈ TQ, and X,Y ∈ TM˜ |Q.
Proof. A direct calculation based on (8) gives for the ambient curvature R˜ of F that
h(R˜(X,Y )F,Z) =
(
Λ(1,2)∇˜dφ
)
(X,Y,Z)
+2
(
Λ(1,2)(3,4)∇˜T
∗
)
(X,Y, F, Z) +
(
Λ(1,4)∇˜T
∗
)
(X,F,Z, Y ) (11)
+ contractions and symmetrisations of dφ and T ∗,
in which Λ(i,j) denotes the skew symmetrisation w.r.t. the (i, j)-th component. Since it was
assumed that dφ|Q = 0 and T
∗|Q = 0 this implies that
h(R˜(X,Y )F,Z) = 0 if X,Y ∈ TQ and Z ∈ TM˜ |Q. (12)
This implies that R˜(X,Y )F = 0 if X,Y ∈ TQ.
In order to prove (2) first we notice that forX,Y,Z ∈ TM˜ |Q the assumption F T implies
(∇XT )(F, Y ) = ∇˜X(T (F, Y )) = 0 (13)
and T (X,Y ) ∈ F⊥ implies
∇XT
∗(Y,Z, F ) = X(T ∗(Y,Z, F )) = 0 (14)
along Q. Since our connection has torsion, the first Bianchi identity does not hold and we
do not have in general that h(R˜(X,Y )F,Z) = h(R˜(F,Z)X,Y ). But in our situation along
Q this equality holds: for a connection with torsion one gets
R˜(X,Y )Z + R˜(Y,Z)X + R˜(Z,X)Y =
− (∇˜XT )(Y,Z)− (∇˜Y T )(Z,X) − (∇˜ZT )(X,Y )
+ T (X,T (Y,Z)) + T (Y, T (Z,X)) + T (Z, T (X,Y ))︸ ︷︷ ︸
=0 along Q.
This implies along Q for X,Y,Z ∈ TM˜ |Q and F the fundamental vector field
R˜(F,X)Y + R˜(X,Y )F + R˜(Y, F )X
= −∇˜F (T (X,Y ))− ∇˜X(T (Y, F )) − ∇˜Y (T (F,X)) = 0
and
h(R˜(X,Y )Z + R˜(Y,Z)X + R˜(Z,X)Y, F )
= −X(T ∗(Y,Z, F )) − Y (T ∗(Z,X,F )) − Z(T ∗(X,Y, F )) = 0.
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Then, analogously to the torsion free case, one proves that h(R˜(F,Z)X,Y ) = h(R˜(X,Y )F,Z)
along Q which is (a).
For (b) we use that ddφ = 0 implies that(
Λ(1,2)∇˜dφ
)
(X,Y,Z) =
1
2
(
∇˜Zdφ
)
(X,Y ) + terms involving contractions and
symmetrisations of dφ and T ∗.
Hence, we obtain along Q for Z ∈ TQ and X,Y ∈ TM˜ |Q that
(
∇˜Zdφ
)
(X,Y ) = 0. By (13),
(14), and (11) we get:
h(R˜(X,Y )F,Z) = 0,
which is (b) of the second point.
Proposition 4.5. Let (T , hT ,∇T ) defined as above. Suppose that dφ|Q = 0, T
∗|Q = 0,
F T = T ∗(., ., F ) = 0, and that R˜ic denotes the Ricci curvature of the ambient connection
∇˜. Then ∇T is the normal standard tractor connection if and only if ι∗R˜ic = 0.
Proof. First we note that equation (10) immediately implies that
˜RT (X,Y )Z = R˜(X˜, Y˜ )Z˜ (15)
where R˜ is the ambient curvature and the other tildes denote the corresponding identifications
of Lemma 4.1. This implies on the one hand that for every q ∈ Q the fibre T 1[q] = R · [Fq] ⊂ T[q]
is annihilated by RT (X,Y ) for X,Y ∈ T[q]M . This is one condition for the tractor connection
to be normal.
In order to analyse the Ricci condition we fix a basis along Q of the form (F, S1, . . . , Sn, Z)
with Si ∈ Γ(TQ) such that h(Si, Sj) = δij and Z ∈ Γ(TM˜ |Q) such that h(Z,F ) = 1 and
h(Z,Si) = 0. The Ricci curvature for X,Y ∈ TQ then is given by
R˜ic(X,Y ) = h(R˜(Z,X)Y, F )︸ ︷︷ ︸
=−h(R˜(Z,X)F,Y )=0
+h(R˜(F,X)Y,Z)︸ ︷︷ ︸
=h(R˜(Y,Z)F,X)=0
+
n∑
i=1
h(R˜(Si,X)Y, Si)
by the previous lemma. Using the identification (15), the vanishing of the third summand is
equivalent to the vanishing of the Ricci contraction of the tractor curvature on (T 1)⊥/T 1 ≃
TM [−1]. This gives the statement.
5 An ambient connection with Cotton–York tensor as torsion
In this section we want to give an example of an ambient connection which realises the normal
conformal Tractor holonomy.
We set M˜ = R×M×R+. Let s and q be the coordinates along R and R+, with coordinate
vector fields S and Q, respectively. Throughout, we assume that we have fixed a metric g in
the conformal class and with it the corresponding Levi-Civita connection ∇. The embedding
of the bundle Q is given by
ι : Q → M˜
t2gx 7→ (0, x, t),
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i.e. Q = {s = 0}. This is equivariant w.r.t. the R+-action on Q given by ϕt(gx) = t
2gx and
on M˜ given by
ϕt(s, x, q) = (ts, x, tq).
The fundamental vector field for this action is given by F (s, x, q) = sS + qQ.
In order to define the ambient metric we introduce the following endomorphisms. Denote
by P the Schouten tensor of the fixed connection ∇, considered (via g) as an endomorphism of
TM . Using the identification of T(s,x,q)M˜ = RS⊕TxM⊕RQ we define a bundle automorphism
f of TM˜ by:
f(S) = S
f(Q) = Q
f(X) = (sP+ qId)−1X,
for X ∈ TxM ⊂ T(s,x,q)M˜ . Of course, f is not defined when −s/q is the inverse of an eigen-
value of P. However on {0} ×M ×{1}, −s/q = 0, so f is defined for for small s. Notice that
f |TM commutes with P since f
−1 does.
For X ∈ TxM we can understand f(X) as a lift to Γ(TM˜ |R+·x), which we denote by X˜.
A direct calculation shows that X˜ is homogeneous of degree −1, i.e. X˜ ∈ Γ−1(TM˜ |R+·x), or,
if X ∈ Γ(TM), then X˜ ∈ Γ−1(TM˜ ) (c.f. Lemma 4.1). We use this lift to define a metric:
h(S,Q) = 1
h(X˜, Y˜ ) = g(X,Y ), for X,Y ∈ TM, and 0 otherwise.
This metric is by definition homogeneous of degree 2, and it also satisfies the second condition
posed on an ambient metric: (ι∗h)q2gx(X,Y ) = h(0,x,q)(X,Y ) = q
2g(X,Y ). Hence, the metric
h defines an ambient metric on M˜ . The form dual to F is given by φ = sdq + qds, hence
dφ = 0 everywhere.
Using the defined lifts we now want to define an ambient connection on M˜ by:
∇˜X Y˜ = ∇˜XY − g(X,Y )S − P(X,Y )Q,
∇˜XQ = X˜,
∇˜XS = P˜(X),
∇˜QX = X˜,
∇˜SX = P(X˜) = P˜ (X),
and all the other Q and S terms being zero.
Lemma 5.1. ∇˜h = 0.
Proof. In the following we assume X,Y,Z ∈ Γ(TM) and U, V ∈ {Q,S}. The first thing to
notice is that (∇˜Uh)(V,X) = (∇˜Xh)(U, V ) = 0. Secondly we get that
(∇˜Xh)(Q, Y˜ ) = X(h(Q, Y˜ )− h(X˜, Y˜ ) + g(X,Y )h(Q,S) = 0 , and
(∇˜Xh)(S, Y˜ ) = X(h(S, Y˜ )− h(P˜ (X), Y˜ ) + P (X,Y )h(S,Q) = 0.
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Furthermore we have that
(∇˜Zh)(X˜, Y˜ ) = Z(g(X,Y ))− h(
˜˜
∇ZX, Y˜ )− h(X˜,
˜˜
∇UY )
+g(Z,X)h(S, Y˜ ) + g(Z, Y )h(S, X˜) + P(Z,X)h(Q, Y˜ ) + P(Z, Y )h(Q, X˜)
= (∇˜Zg)(X,Y )
= 0.
Finally one notices that the lifts X˜ are Q and S parallel:
∇˜QX˜ =
(
∇˜Qf
)
(X) + f ◦ f(X)
= −Id ◦ (sP+ qId)−2 (X) + (sP+ qId)−2 (X)
= 0,
∇˜SX˜ =
(
∇˜Sf
)
(X) + f ◦ P ◦ f(X))
= −P ◦ (sP+ qId)−2 (X) + P ◦ (sP+ qId)−2 (X)
= 0.
This implies that (∇˜Uh)(X˜, Y˜ ) = U(g(X,Y ))− h(∇˜U X˜, Y˜ )− h(X˜, ∇˜U Y˜ ) = 0.
Lemma 5.2. The torsion T of ∇˜ is given by the Cotton–York tensor of g, i.e.
T (X,Y ) = s C˜Y (X,Y ) and T ∗(X,Y, Z˜) = sCY (X,Y,Z)
for X,Y,Z ∈ TM , and zero otherwise, where CY (X,Y ) = (∇XP)(Y ) − (∇Y P)(X) is the
Cotton–York endomorphism, respectively its dualisation. In particular, (LFT
∗) = 2T ∗, T |Q =
0 and F T = T ∗(., ., F ) = 0.
Proof. For X,Y ∈ TM we calculate:
T (S,Q) = 0,
T (X,Q) = 0,
T (X,S) = P˜(X) − P(X˜) = 0 , since f commutes with P,
which implies F T = 0. In order to get the term T (X,Y ) for X,Y ∈ TM we need to
calculate ∇˜XY . It is
∇˜XY = ∇˜Xf
−1Y˜
= ∇˜X
(
sP(Y˜ ) + qY˜
)
= s∇˜X P˜(Y ) + q∇˜X Y˜
= s
(
˜∇XP(Y )− P(X,Y )S − P(X,P(Y ))Q
)
+ q
(
∇˜XY − g(X,Y )S − P(X,Y )Q
)
.
This implies
T (X,Y ) = s
(
˜∇XP(Y )− ˜∇Y P(X)
)
+ q
(
∇˜XY − ∇˜XY
)
− [X,Y ]
= s
(
˜∇XP(Y )− ˜∇Y P(X)
)
+ q[˜X,Y ]− ˜f−1([X,Y ])
= s
(
˜∇XP(Y )− ˜∇Y P(X)
)
− ˜sP([X,Y ])
= s C˜Y (X,Y )
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This gives immediately the formula for T ∗, T |Q = 0 and T
∗(., ., F ) = 0. Also homogeneity
two is easily verified:
(LFT
∗)(X,Y, Z˜) = F
(
s CY (X,Y,Z)
)
−s
(
CY ([F,X]︸ ︷︷ ︸
=0
, Y, Z˜) + CY (X, [F, Y ]︸ ︷︷ ︸
=0
, Z˜) + CY (X,Y, [F, Z˜ ]︸ ︷︷ ︸
=−Z˜
)
)
= 2s CY (X,Y, Z˜).
A straightforward calculation gives the curvature of ∇˜.
Lemma 5.3. Let W be the Weyl tensor and CY the Cotton–York tensor of the metric g.
For X,Y,Z ∈ TM the curvature of ∇˜ is given by
R˜(X,Y )Z˜ = ˜W (X,Y )Z − CY (X,Y,Z) ·Q,
and all other terms not determined by the symmetries of the curvature terms being zero. In
particular, R˜(U, V )F = 0 along Q for all U, V ∈ TM˜ |Q.
By this we obtain the Ricci-curvature of ∇˜.
Lemma 5.4. The Ricci curvature of ∇˜ vanishes along Q.
Proof. Let {Ei}
n
i=1 be a basis of TxM orthonormal w.r.t. g. Thus (S, E˜1, . . . , E˜n, Q) is a
basis of T(s,x,q)M˜ in which the Ricci-curvature in (s, x, q) can be written as
R˜ic(U, V ) = h(R˜(S,U)V,Q) + h(R˜(Q,U)V, S) +
n∑
i=1
h(R˜(E˜i, U)V, E˜i).
This implies R˜ic(Q, .) = 0 and R˜ic(S, S) = 0. Furthermore we obtain
R˜ic(X,S) =
n∑
i=1
CY (E˜i,X,Ei) and
R˜ic(X, Y˜ ) =
n∑
i=1
g(W (E˜i,X)Y,Ei).
But along Q we have that E˜i =
1
qEi and thus R˜ic = 0 along Q
We can summarize:
Theorem 5.5. (M˜, h, ∇˜) is an ambient manifold with ambient metric h and ambient con-
nection ∇˜ with torsion T , satisfying dφ = 0, T |Q = 0 and F T = T
∗(., ., F ) = 0. The
corresponding conformal standard Tractor connection is normal.
But we can show even more.
Proposition 5.6. The holonomy of M˜ is generated by paths in the embedded manifold {0}×
M × {1}, i.e. Hol(0,x,1)(TM˜, ∇˜) = Hol(0,x,1)(TM˜ |M , ∇˜).
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Proof. Assume now that φ : [0, 1] → {0} ×M × {1} is a path with tangent field Y . We
parallel transport any given vector of TN along φ, getting the equation:
0 = ∇˜Y (X + aQ+ bS)
= (∇YX + aY + bP(Y ))− g(Y,X)S − P(Y,X)Q + Y (a)Q+ Y (b)S.
for some section X of TM |φ, a and b functions on M . The lift of this section into the whole
of M˜ is X˜ + aQ+ bS. To prove that the holonomy transform is the same along any lift of φ,
it suffices to prove
∇˜Y
(
X˜ + aQ+ bS
)
= 0
∇˜Q
(
X˜ + aQ+ bS
)
= 0
∇˜S
(
X˜ + aQ+ bS
)
= 0.
However this is the case, since
∇˜Y
(
X˜ + aQ+ bS
)
= f (∇XY + aY + bP(Y ))
−g(X,Y )S − P(X,Y )Q+ Y (a)Q+ Y (b)S
= 0,
and the other two equalities were proved in Lemma 5.1.
Theorem 5.7. The affine holonomy of ∇˜ is the same as the Tractor holonomy of ∇T .
Proof. We identify TM˜ with T – T being split as in (1) by the choice of ∇ – via 10
0
 = S,
 0X
0
 = X,
 00
1
 = Q.
Then ∇T ∼= ∇˜ along M ∼= {0} × M × {1}. Then by the previous proposition, the two
connections have same holonomy.
Theorem 5.8. If there is a metric in the conformal class with vanishing Cotton–York tensor,
then (M˜ , h) is an ambient metric in the sense of [CˇG03]. In this case, the normal confor-
mal tractor holonomy is the holonomy of the Levi-Civita connection of the semi-Riemannian
manifold (M˜ , h).
If there is a metric in the conformal class which is Einstein, (M˜ , h) gives a Ricci-flat
ambient metric in the sense of [FG85]. In particular, it gives the cone construction in the
conformal Einstein case with S 6= 0 (see [Leit04] and [Arm05]), and the degenerate cone in
the Ricci-flat case (see [Lei05]).
Proof. If CY = 0 the connection is torsion free and thus the Levi-Civita connection of h. In
the Einstein case, it suffices to restrict attention to the sub-manifold
R+
(
{−µ−1} ×M × {1}
)
,
when S + µQ is the preserved vector, to get the Einstein cone construction. In the Ricci-flat
case, f = 1q Id, and thus h = 2dsdq + q
2g which is the degenerate cone construction. Note
that in the latter case the ambient connection is singularity free.
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Remark 5.9. M˜ is not conformally invariant: Notice that is P 6= 0 at x ∈M , it must have
an eigenvalue q 6= 0 at x. Then the connection is singular along
R+ ({1} ×M × {−q}) .
This shows that a conformally Ricci-flat metric that is not Ricci-flat itself gives rise to a
connection with singularities. These singularities are not removable, as the term
∇˜QX = X˜
demonstrates. Thus ∇˜ is not a conformally invariant construction (even though it has the
same holonomy as the conformally invariant Tractor connection).
Remark 5.10. In [Lei05] we proved algebraically that the normal Tractor holonomy algebra
of a conformal class which contains a metric with zero Cotton–York tensor is a Berger alge-
bra. The present approach gives a geometric demonstration of this proven fact because the
constructed ambient connection has no torsion if we start the construction with a metric with
zero Cotton York tensor. This implies that its curvature satisfies the first Bianchi-identity,
and hence, its holonomy algebra is a Berger algebra.
Remark 5.11. Alternatively, we may define an affine connection on M˜ rather crudely by:
∇˜XY = ∇XY − qg(X,Y )S − qP(X,Y )Q,
∇˜XQ =
1
q
X,
∇˜XS =
1
q
P(X),
∇˜QX =
1
q
X,
∇˜SX = 0,
and all the other S and Q terms being zero. Although this gives no ambient connection
with the properties required in the previous sections, a direct calculation establishes that ∇˜
also has same holonomy as the tractor connection. Moreover its torsion only involves terms
with S and a tangent vector to M — unlike the connection of the previous example, which
generically has torsion between two vector fields of M — and has no singularities.
6 Tractor holonomy and the ambient connection
In this last section, we aim to give some general holonomy related results, which might help in
the construction of ambient connections whose holonomy is the same as the Tractor holonomy.
The ideal would be to thus generate either a conformally invariant construction, or one with
a torsion that allows one to put strong conditions on the holonomy.
As always, let M˜ be an ambient manifold with ambient metric h and ambient connection
∇˜. By Holx(TM˜, ∇˜) we denote the holonomy group of ∇˜ at x ∈ M˜ . For U ⊂ M˜ a
submanifold and x ∈ U we denote by Holx(TM˜ |U , M˜) the group generated by loops running
in U around x.
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Lemma 6.1. Let M˜ be an ambient manifold with ambient metric h and ambient connection
∇˜ such that dφ|Q = T |Q = 0. Assume furthermore that the flow of the R
+-action is geodesic
w.r.t. ∇˜, i.e. ϕt(q) is a geodesic for each q ∈ Q. Suppose we are given a global section
σ ∈ Γ(Q →M = Q/R+). Then for any q ∈ σ(M) it holds
Holq(TM˜ |Q, ∇˜) = Holq(TM˜ |σ(M), ∇˜).
Proof. First we want to collect some consequences of the assumption that the action of R+
defines geodesics. The tangent vector field to a geodesic ϕt(q) for q ∈ σ(M) ⊂ Q, denoted
by Φ is related to the fundamental vector field F as follows
F (ϕt(q)) =
d
ds
(ϕes ◦ ϕt(q))|s=0 =
d
ds
(ϕtes(q))|s=0 = t ·
d
ds
(ϕs(q))|s=t
= t · Φ(ϕt(q)) = t · Φ(t)
Since ∇˜Φ(t)Φ(t) = 0 this implies that
(∇˜FF )(ϕt(q)) = ∇˜F (tΦ) = F (t)Φ(ϕt(q)) + t ∇˜FΦ︸ ︷︷ ︸
=0
= tΦ(ϕ(t)) = F (ϕt(q))
Furthermore, if X ∈ Γ(TQ|σ(M)) we denote by X˜ the lifted vector field given by
X˜(ϕt(q)) = (dϕt)q(X(q)).
Obviously it is F˜ (ϕ(q)) = F (ϕt(q)). More importantly, the vector fields X˜ are homogeneous
of degree 0. Since the torsion and dφ vanishes on Q (8) implies that
0 = [F, X˜ ] = ∇˜F X˜ − ∇˜X˜F = ∇˜F X˜ − X˜.
Since ϕt(q) are geodesics it is
∇˜X˜ Y˜ = (dϕt)(∇˜XY ) =
˜˜
∇XY .
Now we take a curve γ˜ in Q. Then γ˜ is given by γ˜(t) = ϕf(t)(γ(t)) for f a parameter
transformation and γ a curve in σ(M). Its tangent vector is
˙˜γ(t) = f˙(t)Φ(γ˜(t)) + dϕf(t)(γ˙(t))
=
f˙(t)
f(t)
F (γ˜(t)) + ˜˙γ(t)
=
f˙(t)
f(t)
F˜ (γ(t)) + ˜˙γ(t).
For the curve γ in σ(M) now we consider the vector field Y which is assumed to be
parallel displaced along γ. Y can be written as
Y (t) = a(t)F (γ(t)) +X(t)
with a : R→ R and X a vector field of Tσ(M) along γ. Hence we have
0 = ∇˜γ˙(t)Y (t) = a˙(t)F (γ(t)) + a(t)∇˜γ˙(t)F + ∇˜γ˙(t)X(t)
= a˙(t)F (γ(t)) + a(t)γ˙(t) + ∇˜γ˙(t)X(t)
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Now consider the vector field U(t) along γ˜(t) given by
U(t) = a(t)Φ(γ˜(t)) +
1
f(t)
dϕf(t)(X(t))
=
a(t)
f(t)
F (γ˜(t)) +
1
f(t)
X˜(t).
This vector field is parallel along γ˜, because
∇˜ ˙˜γ(t)U(t) =
(
a˙(t)
f(t)
− a(t)
f˙(t)
f2(t)
)
F (γ˜(t))−
f˙(t)
f2(t)
X˜(t)
+
a(t)
f(t)
 f˙(t)f(t) (∇˜FF )︸ ︷︷ ︸
=F
(γ˜(t) + ∇˜˜˙γ(t)F︸ ︷︷ ︸
=˜˙γ(t)
+ 1f(t)
 f˙(t)f(t) ∇˜F X˜(t)︸ ︷︷ ︸
=X˜(t)
+∇˜˜˙γ(t)X˜(t)

=
1
f(t)
(
a˙(t)F (γ˜(t)) + a(t)˜˙γ(t) + ∇˜˜˙γ(t)X˜(t))
=
1
f(t)
˜(
a˙(t)F (γ(t)) + a(t)γ˙(t) + ∇˜γ˙(t)X(t)
)
= 0.
But for a loop γ˜ around q ∈ σ(M), i.e. γ˜(0) = γ˜(1) = q we have that f(0) = f(1) = 1 and
γ(0) = γ(1) = q is also a loop. But this implies that Y (1) = U(1) and hence the holonomies
are the same.
This lemma immediately implies:
Proposition 6.2. Let M˜ be an ambient manifold with ambient metric h and ambient con-
nection ∇˜ such that dφ|Q = TQ = 0, i.e. (M˜, h, ∇˜) defines a standard conformal tractor
bundle. If the flow of the R+-action is geodesic w.r.t. ∇˜, then the conformal tractor holo-
nomy Hol[q](T ,∇
T ) is isomorphic to Holq(TM˜ |Q, ∇˜).
Getting these groups to be equal to the full Holq(TM˜, ∇˜) is more tricky, however, and
requires extra considerations beyond the scope of this paper.
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